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Snoek, J., Larochelle, H., & Adams, R. P. (2012). Practical bayesian optimization of machine learning algorithms. In Advances in neural information processing
systems (pp. 2951-2959).
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Baye’s Rule
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. Surrogate Model

+ alpha

Bayesian Optimization with
. oL Robust Bayesian Neural Networks
Bayesian Optimization

Surrogate Model Acquisition Function Jost Tobias Springenberg  Aaron Klein  Stefan Falkner Frank Hutter
Department of Compuater Science
University of Freiburg
{epringj kleinaa sfalkner fhli@ce. uni-freiburg. de

Maximum
Expected
Improvement

Bayesian
Neural Networks

Abstract

Bayesian optimization is a prominent method for optimizing expensive-to-evaloate
black-hoo functions that is widely applied to mning the hyperparameters of machine

s o Model Fxnewv new, leaming algorithms. Despite its successes, the prototypical Bayesian optimization
new; Sl D\ oew ﬂfk ) approach — using Gaussian process models — does not scale well to either many
ammnf“e}iu% e f Rl x* = argmax Acquisition function mogmgé hyperparameters of many function evaluations. Atascking this lack of scalability

and flexibility is thus one of the key challenges of the field. We present a general
approach for using flexible parametric models (newral petworks) for Bayesian
optimization, staying as close o a truly Bayesian treatment as possible. We obtain
scalahility through stochastic gradiem Hamiltonian Monte Carlo, whose robastness
we improve via a scale adaptation. Experiments including multi-task Bayesian
optimization with 21 rasks, parallel eptimization of deep neural networks and deep
reinforcement learning show the power and flexibility of this approasch.

p(xnewn) x"Miex ey
: Yekst 4 ues dE

30th Conference on Neural Information Processing Systems (NIPS 2016), Barcelona, Spain.

Springenberg, J. T., Klein, A., Falkner, S., & Hutter, F. (2016). Bayesian optimization with robust Bayesian neural networks. In Advances in neural information
processing systems (pp. 4134-4142).
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. Acquisition Function

Maximum Expected Improvement
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x* = argmax E (max(o, [f(xnew) — max f(x,-)]))
. ACqUISItlon FunCtlon xNewj ¢ ynew

Maximum Expected Improvement
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. Acquisition Function

Maximum Expected Improvement

to maximize it. We define the erpected improvement as,

ElL(z) := En [[f(z) = fa]*] (7)

Here, E,[| = E[-|T1:n,Y1:n) indicates the expectation taken under the posterior distribution given eval-
uations of f at x,...z,. This posterior distribution is given by : flz) given 1., y1:n is normally
distributed with mean i, (x) and variance o7 (x).

The expected improvement can be evaluated in closed form using integration by parts, as described
in [Jones et al.|(1998) or |Clark|(1961). The resulting expression is

EIH(‘I‘) = [ﬂtn(I)]-l- + Jn{:r}fﬁ (ﬁ“{ﬂ:)) - |&15(I}|¢ (‘&ﬂ-(ﬂ:}) ; {8}

On(T) on(T)

where A, (z) := pn(z) — f is the expected difference in quality between the proposed point x and the
previous best.
The expected improvement algorithm then evaluates at the point with the largest expected improve-
ment,
Tp+1 = argmax EL, (x), (9)

breaking ties arbitrarily. This algorithm was first proposed by Mockus (Mockus/ |1975) but was popu-
larized by :-]01’1&5 et al.]{llggﬂh. The latter article also used the name “Efficient Global Optimization” or
EGO.

Implementations use a variety of approaches for solving . Unlike the objective f in our original
optimization problem , El,.(x) is inexpensive to evaluate and allows easy evaluation of first- and second-
order derivatives. Implementations of the expected improvement algorithm can then use a continuous
first- or second-order optimization method to solve . For example, one technique that has worked
well for the author is to calculate first derivatives and use the quasi-Newton method L-BFGS-B (Liu and
Nocedal| [1989).

Frazier, P. I. (2018). A tutorial on bayesian optimization. arXiv preprint arXiv:1807.02811.
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. Acquisition Function

Maximum Expected Improvement

optimization problem ([1), kl, (x) 1s iInexpensive to evaluate and allows easy evaluation of first- and second-
order derivatives. Implementations of the expected improvement algorithm can then use a continuous
first- or second-order optimization method to solve (9). For example, one technique that has worked
well for the author is to calculate first derivatives and use the quasi-Newton method L-BFGS-B (Liu and
Nocedal| |1989).

Frazier, P. I. (2018). A tutorial on bayesian optimization. arXiv preprint arXiv:1807.02811.
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Zhang, Y., Apley, D. W., & Chen, W. (2020). Bayesian Optimization for Materials Design with Mixed Quantitative and Qualitative Variables.

Reports, 10(1), 1-13.
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Gaussian Process Regression
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Linear Regression with Basis Function

« Linear regression: y(x) = w'¢(x)
w : weight vector of M dimension
OrY = dw
& : called a design matrix revealing the relation of the weight vector and the input vector
Ppp = i (Xn)
* Previously, w is modeled as deterministic values
Now, w is considered to be also probabilistically distributed values
P(w) = N(w|0,a™1I)
Normal distribution with zero mean and «a precision (or, ™! variance)
* Now, w probability distribution = Y probability distribution
E[Y] = E[®ow] = ®E[w] =0
cov[Y] = E[(Y = 0)(Y — 0)T) = E[YYT]

1
= E[owwT®T] = dE[wwT]dT = E(DQ)T

1
* Kim = k(xnr xm) — ;qb(xn)Tqb(xm)
K : Gram matrix, k : kernel function

- P(Y) = N(Y|0,K)
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Gaussian Process Regression A e
Modeling Noise with Gaussian

Distribution
P(Y) = N(Y|0,K)
Knm = kQtn, Xm) = = b ()" ¢ ()

th =YVn T en
t, : Observed value with noise
v, : Latent, error-free value
e,, : Error term distributed by following the Gaussian distribution

P(tylyn) = N(tnlyn:ﬁ_l)

f :Hyper-parameter of the error precision (or, variance considering the
invert)

P(T|Y) = N(T|Y,p ™ Iy)

T = (tlf ==y tN)T! Y = (yl! "':yN)T
Assuming that the error terms are independent

P(T) = [ P(T|Y)P(Y)dY = [ N(T|Y, B~ 1y)N(Y|0, K)dY

https://www.edwith.org/aiml-adv/joinLectures/14705

Daota Mining e, H
o.:.o Quality Analytics I}:wd



https://www.edwith.org/aiml-adv/joinLectures/14705

faew)

xnew; Surrogate Model . ¢ )
M ° ! — — 5 auxnewl
. Append IX . Surrogate Model omtZE f /k:si.“él’é'

Gaussian Process Regression A e

Marginal Gaussian Distribution

- P(T) = [P(T|Y)P(Y)dY = [ N(T|Y, B~1Iy)N(Y|0,K)dY

+ P(TINP(Y) = P(T,Y) = P(2) i I
lTLP(Z) =] P(Y) T lTlP(TlY) = ampEpr Pz - I =m)
= —g(y - 0K 1(Y-0) - §(T —Y)TBIN(T = Y) + const.

1
- —EYTK‘lY - E(T —Y)TBIN(T —Y) + const.
+ Second order term of InP(Z)

—SYTK-ly - CTIT G B ¥pE Uiy
2 2 2 2 2

Lo\ (K™ +BIy  —BIy)\ (Y 1 7
= 59 (T) ( =Bly Bly )(T) = dhd i
R becomes the precision matrix of Z (¢ D)M -
M= (K~ +Bly—BIyBIN'BIy) =K < ;(z-gq':cgfb_gc')‘_;f ko)
gt ( K KBIn(BIn)™ )

(BIn)"'BINK (BIN); 5 (BINI){_IBINKBIN(BIN)_I

- (K Bl + K)
« First order term of [InP(Z) = None

* P(Z)=N(Z|0,R™Y)
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Marginal and Conditional Distribution of P(T)

P(T) = [ P(T|Y)P(Y)dY = [ N(T|Y, B~ Iy)N(Y|0,K)dY
P(T|Y)P(Y) = P(Y,T) = P(Z)

P(Y,T) = N(Y,T|(0 0),@ (mw)"fl N K))

K=1 + Bly —,SJN)
—PBly pln
Two theorems on multivariate normal distributions

GivenX = [X; X", u=[m #]"Z= lE“ 212]
221 EZZ
P(Xy) = N(Xq|u1,Z11)
P(X1|X2) = N(Xyluy + 2128227 (X2 — #2), B11 — Z12222 " ' Z21)
P(T) = N(T|0, (BIy)™" + K)
Knm = kG, Xim) = =@ (%n)" d (xm)
One example = k(x,,, X;,) = 0 €xp (—% |12, — xm||2) + 0, + 03xFx),

Our ultimate question as a regression problem is
P(tn411Tn)=? 2 P(Ty41)=!

Precision Matrix = (
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Mean and Covariance of P(ty+1|Tn)

P(T) = N(T|0, (BIy)~" + K)
Kom = k(xp, X)

P(Tn4+1) = N(T|0, cov)

[ Kll o ,6 KIZ KlN KI(N+1}
K;; Kyp+B Kon K+
cov = : =
Kyt Kn> Knn + B Kniv+1)
| \Kwv+1)1 Kv+1)2 Kwn+)n K{N+1)(N+1} + B
e covy k
kKT ¢

Future distribution given the past data
Remember the theorem introduced earlier
P(X11X2) = N(X1|py + Z12%22" (X2 — H2), 211 — Z12%22™ 221)
P(ty+1|Tn) = N(Ey+110 + kT covy 2 (Ty — 0),c — kT covy k)
Hey,, = kTcovy Ty, 02, =c—kTcovy™ 'k
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Gaussian Process Regression i
Two theorems on multivariate normal distributions
» GivenX = [X1 X,|", p=[u "2 = S 212]
Z:21 Z:22

* P(Xy) =N(Xq|pt1, Z11)

* P(X11X3) = N(X1|ug + 212257 (Xo — p2), T11 — 212257 251)

P(Yy4+1) = N(Y|0, cov)

(K11 + B K Kin Kiwn+y ]
Ky Kyt p o KN K>(n+1y
cov = : : . : :
Kn1 Ky, .. Kyn+PB Knive)
Kv+n1 Kwinz - Kwsov  Kw+pw+1) + Bl
_[covy Kk

P(Yn+1|Yw) = N(ty41|0 + kTcovy ' (Ty = 0), ¢ = k" covy'k)

=c—kTcovy'k
1
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. Overview of Bayesian Optimization

Bayesian Optimization
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+

Bayesian
Optimization S

Acquisition Function
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