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*  Machine learning algorithms

* linear classifiers

4 Decision boundary

classification!
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—> The kernel method enables a linear classifier to classify such data!
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Kernel Methods

High dimensional feature space

A Decision boundary m P34

classification!

T

> /(pz

X1
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Kernel Methods

A mapping function @:

L(raw data space) — H (hilbert space: high—dimensional feature space)

D(x) = (%12 %% V2x1x,)
L m H
x=(3)2=(g) d(x) = <8> d(2) = («1)>
~\0/”" \o ’

0 0

Support vector machine (SVM) with a mapping fuction



Kernel Methods

«  SVM'’s objective function: Maximize £(a)
° S.t. ZIL_V=1 a;t; = Oand 0 < a; < C

 t:class + 1 or — 1, a;: Lagrange multipliers, C: hyperparameters

Maximize L(a) = 11“ 1/22 1Z] 1 aatit XX,

Mapping input data to high dimensional feature space

Maximize £(a) = YN a; — 1/2 3N 121 ittt d(x) - d(x;)



Kernel Methods

*  @(x):A mapping function

« P<K D (x)
X X, Xp.| Xp ®1 Pp
O| O|
C)2 02
On.i On-i
C)N ON

Mapping all points is very difficult or impossible. > Kernel function!



Kernel Methods

Kernel function

O(x) = (x12 2% V2x1%;)
L N\ H
0 1
x=(g)z=(y) P(x) = (o),cb(z) = (o)

0 0

Kx-z)=(x-2)2
= (xlz, X5, \/ixlxz) - (212, Z,%, \/lezz)
— x12212 + 2x121x2Z2 —+ x22Z22

= ¢(X) - ¢(2)



Kernel Methods

Kernel function

O(x) = (x12 2% V2x1%;)
L m H
0 1
x=(g)z=(y) P(x) = (o),cb(z) = (o)

0 0

Kx-z)=(x-2)?=0 ¢(x) - p(2) =0

Ok

- Kernel function: Mapping function2| LfX 2 2 B 7159 2t 4=(Mercer’s theorem)



Kernel Methods

«  SVM'’s objective function: Maximize £(a)
° S.t. ZIL_V=1 a;t; = Oand 0 < a; < C

 t:class + 1 or — 1, a;: Lagrange multipliers, C: hyperparameters

Maximize £(a) = Y0 a; — 1/2 3N 1Z] Lot XX
Mapping input data to high dimensional feature space)
. = N N
Maximize L(a) = YL a;, — 1/2 %L, 2 j=1 aaitit;o(x;) - d(X;)

Kernel function (Mercer’s theorem) )
Maximize L(a@) = X)L a; — 1/2 X, X await it K (x,, X))

“O| =A|0| IOl LM Z ot I, H'E == CX[S}O] H 4t = Kernel substitution (or kernel trick)”



Kernel Methods

«  Kernel trick& &Y 5= U= Algorithms

« Kernel-SVM, Kernel-PCA, Kernel-FDA

(e
¢  Mercer’s theorem= T

1

ol= At 0| S =l kernel functions

rr

*  Polynomial kernel K(x-z): (x-z+ 1)

Y
e RBFkernel K(x - z):exp (”Xzazz"z)

* Hyperbolic tangent kernel: K(x - z): tanh(ax - z + 8)
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Introduction to kernel methods for sequence data

: a series of discrete things



Polypeptide Chain

Sequence Data Tk .
... g Protein
. ] . 5“11“ ﬂ, Amino Acids o‘..
 The sequence data: a series of discrete things % ~ ‘
KQ 3 o Amino Acids
. . . 3%1 Lng-Ley 'e'cys
* Biological data : DNA (protein) sequences vy A
« 207l symbol (amino acids)0i| Cif ¢ sequence data
Symbols Sequence
X Y
Amino Acds | | SEIKLLHAQVNPHFLFNALNTLSAVL.. Family A
Ala: Alani Gn: Glutami .
Arg: Arginine gl il 2 | KRTFDLIGSLLLLTLLSPLLLTLSLA... Family B
Asn: Asparagine Gly: Glycine
AspAsparicacid  His: Histidine 3 | VSLFITFFEIGLFGFGGGYGMLSLIQ.. Family C
Cys.Cysteine lle: Isoleucine
Leu: Leucine Ser: Serine
Lys: Lysine Thr: Threonine .
Mot Methionine  Tro: Tryptophane | 19078 | ILDYGCGSGEITLDLATIVGPDGEV... Family A
Phe: Phenylalani Tyr: T [ .
Al il L 4 19079 | AELRAVHYQINPHLLFNTLNSIQW... Family B
19080 | ILELGSGGGRDAVELARSRVGIDFV... Family C

https://www.genome.gov/genetics-glossary/Amino-Acids
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Sequence Data

* The sequence data: a series of discrete things
* Image data: MNIST Sequence

« 87| stateE %= sequence data

Image {\ State r\ Sequence
0
=N X =150 >7 >5

2
/16 3, 1 L >5 55 56 >0
/5 4<><>o >0
/s

<l
=l
_<
I
N

https://edwin-de-jong.github.io/blog/mnist-sequence-data/
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Kernels for Sequences

Obijective of kernels for sequences

Mapping ¢(x)

Sequence [\ Features

Seqgeunce |
DR ONGEORONET
O

v

Sequence N

° ° ° c @ / O Sequence N

23



Kernels for Sequences

« Sequence data & 9|2 kernel function= & A|5}7| £l5H?

(@ Character (categorical variable) =X} 3§ & Z feature space0i| E245t11,

7N
¢(x;) = Mapping function L H

[oF

@ Mapping function2| L2 = H SO kernel tricke= &2 5= A 0{O0F &t

d(x,) - d(x,)> Kernel function

24



(1) Spectrum kernel



Kernels for Sequences

Mapping function for Sequence data

IZ|={A,B,C},k&€0| & 7I2 &= U= =ArE2 Bl BB AL

Sequence |:AAABBBCCCAAACCCRBBB

Q If k=3, all possible sets:

AAA AAB AAC .- CCA CCB CCC

26



Kernels for Sequences

Mapping function for Sequence data

IZ|={A,B,C},k&€0| & 7I2 &= U= =ArE2 Bl BB AL

Sequence |:AAABBBCCCAAACCCRBBB
—

Q If k=3, all possible sets:

AAA AAB AAC .- CCA CCB CCC
I
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Kernels for Sequences

Mapping function for Sequence data

IZ|={A,B,C},k&€0| & 7I2 &= U= =ArE2 Bl BB AL

Sequence |:AAABBBCCCAAACCCRBBB
—

Q If k=3, all possible sets:

AAA AAB AAC .- CCA CCB CCC
I I
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Kernels for Sequences

Mapping function for Sequence data

IZ|={A,B,C},k&€0| & 7I2 &= U= =ArE2 Bl BB AL

Sequence |:AAABBBCCCAAACCCBBB
—

Q If k=3, all possible sets:

AAA AAB AAC .- CCA CCB CCC
2 I I I I 2

k-mer set (u), mapping function ¢, (seql)

> 4O|0| 2tA 10| fixed-length Xt &2 2 H T

29



Kernels for Sequences

Mapping function for Sequence data

» Approach I: =AH L E kI ZAE S HIAWE X}

Sequence |:AAABBBCCCAAACCCRBBB

du(x), u € A*=3 < AAA  AAB  AAC CCA CCB CcCC
2 | | | | 2

Sequence 2: BBBAAAAAACCCCCCBBB

b, (X), U € AK=3 g AAA  AAB  AAC CCA CCB CCC
4 0 | 0 | 4

K(seql,seq2)= X, c.qx ¢y (seql) P, (seq2)

30



Kernels for Sequences

*  Mapping function for Sequence data

» Approach I: =AH L E kI ZAE S HIAWE X}

K(seql,seq2)= X, c.qx ¢y (seql) P, (seq2)

AAA  AAB AAC CCA CCB CcCC
Sequence | ’) | | | | )
AAA  AAB AAC CCA CCB CcCC
Sequence 2 4 0 | 0 | 4
Z bu(seql)pu(seq2) = 8 + 0 + | + 1 + 8
UEAX
= K(seql,seq2)
The spectrum kernel (Leslie et al., 2002)
S 2ot k-merE HO| 37 8% 2 HE 42 4= sequence FAME A&

31



(2) Mismatch kernel



Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

*  Spectrum kernel with mismatch

Spectrum kernel (2-mer)

Uu count
Sequence x:ABBA

74N -
1Z|={A, B, C} AB

k-mer: k=2

o)
@]
o|lo|o|lo|—-|—|Oo|—]|0O

33



Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

*  Spectrum kernel with mismatch

Sequence x:ABBA

AB

AC

BA

BB

BC

CA

CB

CC

£|={A,B,C}

AB

AC

k-mer: k=2

BA

BB

BC

CA

CB

CC

34




Kernels for Sequences

The mismatch kernel (Leslie et al., 2004)

Spectrum kernel with mismatch: M Z 0|

Sequence x:ABBA
Z|={A, B, C}
k-mer: k=2

Mismatch (m)=|I

OF

5 EX[HK]

k

LS

=
—

|

AA

AB

AC

BA

BB

BC

CB

CC

AB

AC

BA

BB

BC

CA

CB

CC
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

«  Spectrum kernel with mismatch: M 20| Zt&F

Sequence x:ABBA
Z|={A, B, C}
k-mer: k=2

Mismatch (m)=|I

B 7ta O mZO|BE £
X oMo

StH |

ERNE Y

Ot

LS

=
—

] oy

|

AA

AB

AC

BA

BB

BC

CB

CC

AB

AC

BA

BB

BC

CA

CB

CC
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

«  Spectrum kernel with mismatch: M 20| Zt&F

Sequence x:ABBA
Z|={A, B, C}
k-mer: k=2

Mismatch (m)=|I

B 7ta O mZO|BE £
X oMo

StH |

ERNE Y

Ot

LS

=
—

] oy

|

AA

AB

AC

BA

BB

BC

CB

CC

AB

AC

BA

BB

BC

CA

CB

CC
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

«  Spectrum kernel with mismatch: M 20| Zt&F

Sequence x:ABBA
Z|={A, B, C}
k-mer: k=2

Mismatch (m)=|I

B 7ta O mZO|BE £
X oMo

StH |

ERNE Y

Ot

LS

=
—

] oy

|

AA

AB

AC

BA

BB

BC

CB

CC

AB

AC

BA

BB

BC

CA

CB

CC
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

«  Spectrum kernel with mismatch: M 20| Zt&F

Sequence x:ABBA
Z|={A, B, C}
k-mer: k=2

Mismatch (m)=|I

B 7ta O mZO|BE £
X oMo

StH |

ERNE Y

Ot

LS

=
—

] oy

|

AA

AB

AC

BA

BB

BC

CB

CC

AB

AC

BA

BB

BC

CA

CB

CC
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

«  Spectrum kernel with mismatch: M 20| Zt&F

Sequence x:ABBA
Z|={A, B, C}
k-mer: k=2

Mismatch (m)=|I

B 7ta O mZO|BE £
X oMo

StH |

ERNE Y

Ot

LS

=
—

] oy

|

AA

AB

AC

BA

BB

CC

AB

AC

BA

BB

BC

CA

CB

CC
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

Spectrum kernel with mismatch: M Z O|ZtZ L X|SIX| L=

| |

AN
4o
H1
1
Iy
(0]
>

AA | AB | AC | BA | BB | BC |CA| CB |CC
Sequence x:ABBA -

AA [ 1|1 ool ]olo
1Z|={A, B, C} AB |11t 1 o1 lo]lol1]|o
cemer: k=2 AC | 1|1 |1 ]o|lo]1]|lo]o]]l

BA | 1 [o|o |1 |1 |1 |1]o]o
Mismatch (m)=|I B BB | O | 1 |Oo |1 |1 |1 ]o]1]oO

BC | oo | 1|1 | 1|1 |lo]o]]l

B 7ta Ol mZ0|THE £ | cA |1 jolo [t {olo| |1 ]
1EA B2 0 CB |o |1 lofo |1 |o]| 1|1 ]!

cc (oot oo [ ] 1]
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Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

Spectrum kernel with mismatch: M Z O|ZtZ L X|SIX| L=

| |

AN
4o
H1
1
Iy
(0]
>

AA | AB | AC | BA | BB | BC |CA| CB |CC
Sequence x:ABBA -

AA [ 1|11 ool ]olo

1Z|={A, B, C} AB |t |11 lol 1 lo]ol 1o

cemer: k=2 AC [ 1|1 |1 ]o|lo]1|o]o]]l

BA | 1 [o]o |1 |11 |1]o]oO

Mismatch (m)=|I B BB | O | 1 |o |1 |1 |1 ]o]1]oO

BC | oo | 1 [ 1| 1|1 |[o]o]]l

B 7ta Ol mZ0|THE £ | cA |1 jolo [t oo |1 ]

1EA B2 0 cB |o |1 lofo |1 |o]| 1 |1]1

cc (oot oo | [ ] 1]

42



Kernels for Sequences

The mismatch kernel (Leslie et al., 2004)

Spectrum kernel with mismatch: M Z4 O] Zt

OF

5 SXIoH] Ee

—_
o

« Sequence x:ABBA, |Z|={A, B, C}, k-mer: k=2, Mismatch (m)=|
a

I

\

B oAt

43

AA | AB |AC|BA | BB |BC|CA|CB|CC ¢k:2’m:1(x)
AA |1l ]lolol1r]o]o 2
AB | 1|1 |1 ]lol1]olol1]o 2
AC | 1|1 Jojo ool |
BA |1 lo|lo | 1| 1|11 ]o]o 2
BB |0 | 1 |o |1 |1 |1 ]ol]1]o 3
BC (oo | 1|1 |1 |1 |o]|o] 2
cA |1t |loflo| oo |1 ] |
ce (o1 loflol 1o 1|1 ] 2
cc oot |olo |t || 1] 0




Kernels for Sequences

*  The mismatch kernel (Leslie et al., 2004)

* Sequence x:ABBA, |Z|={A, B, C}, k-mer: k=2, Mismatch (m)=|

Spectrum kernel : Spectrum kernel with mismatch:
b (%) bre,m (%)
k=2 P(x) k=2m=1 ¢ (x)
AA 0 AA 2
AB | AB 2
AC 0 AC |
BA | BA 2
BB | BB 3
BC 0 BC 2
CA 0 CA |
CB 0 CB 2
cC 0 cC 0

44



Kernels for Sequences

The mismatch kernel (Leslie et al., 2004)
Sequence x:ABBA, |Z|={A, B, C}, k-mer: k=2, Mismatch (m)=1

Spectrum kernel:

Ky (seql,seq2)= X e 4 Dr(seql) by (seq2)

Spectrum kernel with mismatch:

Ki,m(seql,seq2)= 2, ¢ cqx Gp,m(seql)dy i, (seq2)

X Xb-“biologically important notion”= g Eot7| 2[gt.

=5 B Hotr =1 & sequence 7t S8 A|E0| EXIE 0| LX|SHA| &
2l o2 Wa QAL =X



(3) Substring kernel



Kernels for Sequences

* The substring kernel (Lodhi et al., 2004)

Sequence (string) | = ABRACADABRA

( =38 X0 Re =AHE

Subsequence (substring) | = RADAR

47



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

Sequence (string) = ABRACADABRA

Number of Indices k=5

48



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

Iy Lk
| 2 3 10 11

Sequence (string) = ABRACADABRA

Number of Indices k=5
Indices i = (3,4,7,8, 10)

49



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

Iy Lk
| 2 3 10 11

Sequence (string) = ABRACADABRA

Number of Indices k=5
Indices i = (3,4,7,8, 10)
Subsequence (substring) x(1)=RADAR

50



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

Iy Lk
| 2 3 10 11

Sequence (string) = ABRACADABRA

Length of substring 8

Number of Indices k=5

Indices i = (3,4,7,8, 10)

Subsequence (substring) x(1)=RADAR

Length of subsequence (i) =10 — 3 + | =8 (gap EI'D])

51



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

Iy Lk
| 2 3 10 11

Sequence (string) = ABRACADABRA

Length of substring 8

Number of Indices k=5

Indices i = (3,4,7,8, 10)

Subsequence (substring) x(1)=RADAR

Length of subsequence (i) =10 — 3 + | =8 (gap EI'D])
k7t M= W substring set(RADAR) > uZ H7|

52



Kernels for Sequences

*  The substring kernel (Lodhi et al., 2004)

k=2 m u

Sequence | = CAT C-A C-T AT
Sequence 2 = CAR C-A C-R AR
Sequence 3 = BAT B-A BT AT
Sequence 4 = BAR B-A B-R AR

(I)u(x): ZiEI(k,n): x(i)=u Al(i)

53



Kernels for Sequences

*  The substring kernel (Lodhi et al., 2004)

(I)u(x): ZiEI(k,n): x(i)=u Al(i)

* Hyperparameter A: 0~

«  A'W:substring (gap= BtE?H 0|7t 7t =5 &
H

A
« &, &2 substring 2G| gapO| 2™ FA 7| gL 8 Y

O= L O

St= (weight decay) B

O
Inl
N

54



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A T AT  ¢,(CAT): A2
C-A CR AR
B-A B-T AT

B-A B-R A-R

55



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A CT AT  ¢,(CAT): A2
C-A CR AR
B-A B-T AT

B-A B-R A-R

56



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A CT AT ¢, (CAT): 1%, A3
C-A C-R AR
B-A B-T AT

B-A B-R A-R

57



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A CcT AT  &,(CAT): A%, 13, A2
C-A C-R AR
B-A B-T AT

B-A B-R A-R

58



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A CcT AT  &,(CAT): A%, 23, A2
C-A C-R AR
B-A B-T AT

B-A B-R A-R

59



Kernels for Sequences

*  The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A T AT  &,(CAT): A%, 13, A2
c-A CR AR ¢, (CAR): 1%, 23, A2
B-A BT AT ¢, (BAT): 12,12, 23

B-A BR AR ¢, (BAR): 12,12, 13

60



Kernels for Sequences

*  The substring kernel (Lodhi et al., 2004)

$,(X) |
u m ZiEI(k,n): x(i)=u A

c-A T AT  &,(CAT): A%, 13, A2
C-A CR AR ¢, (CAR): A%, 23,42 S uz=2 /A=
H HELZ!

B-A BT AT ¢, (BAT): 12,12, 23

B-A BR AR ¢, (BAR): 12,12, 13

61



Kernels for Sequences

The substring kernel (Lodhi et al.,

by (%)

¢, (CAT): 1%, 13, A2

¢, (CAR): A%, A3, 2°

¢,(BAT): A%, 1%, A3

¢,(BAR): 1%, 1%, A3

2004)
8-dimensional feature space
Uu C-A|CT|AT|BA|BT|C-R|{AR|B-R
¢u(CAT) | 22 | A3 | A2 0 0 0 0 0
du(CAR) | 22 | O | O | O | O | A% |22 | O
&, BAT) | 0 | 0 |22 |2 |2 | 0| 0| o0
$,(BAR) | 0 0 0 | A2 0 0o | 22 | A3

- kernel? K, ;(seql,seq2) = },,c.4* P.(seql)P,(seq2)

62




Kernels for Sequences

*  The substring kernel (Lodhi et al., 2004)

bu(X)

ka,a (seql,seq2) = ) du(seqdu(seq?)
ueAx

u C-A|CT|AT|BA|BT|CR|AR|B-R
du(CAT) [ 22 | 23 |22 | 0| O] O] OO
$4(CAR) | 2> | © 0 0 0o | A |22 | o0
duBAT) | O | O | A* [ A2 (22 | 0| O | O
¢u(BAR) | 0 0 0 |22 | 0 0 | 22 | 28

63

e.g. Kkzz’A(CAT, CAR)
=1>-2°+0+--+0
=/14



Kernels for Sequences

The substring kernel (Lodhi et al., 2004)

K(seql,seq2)

Kernel normalization
K(seql,seq2) JK(seql,seql),/K(seq2,seq2)

N

e.g. Ky—» ,(CAT, CAR) Ki=2,(CAT, CAR)

=12 22404+ 0 JVKi=2, (CAT, CAT),/K-,; (CAR, CAR)

=/14 At

B \/2{14 16 \V21% + 10

Non-normalized kernel 2 + A2 = Normalized kernel !
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Kernels for Sequences

*  The substring kernel (Lodhi et al., 2004)

K(seql,seq2) Luca b(seq 1o, (seq2)

JiGeql,seql) x(seq25eq?) [Luer . (5aD)0,(50ql) [Lucsb.(seql)0,(s002)

AB &

IAINBI [« n
\/Zl (Ai)? X \/Zl (B:)?

Kernels for sequences = compute the similarity of two input sequences

similarity > cos(f) =

65



Conclusions

* The spectrum kernel: K}, (seql,seq2)= },,c.4c O (seql) Py (seq2)

* substring 2| Bl == 112 (gap= 1 2{SIX| E=S

*  The mismatch kernel: K ,(seql,seq2)= %, 5 c 4 O m(seql)dy m (seq2)

 Mismatch %S Z &t substring 2| Yl === 11 2{ (gap= 1 2{o}X| E=

* The substring kernel: K, 5 (seql, seq2) = 3}, .4+ du(seql)d,(seq2)

« substring 2 0[2| gap= 11212t weight 4f= 7|UI2 2 FAIE HO|

String kernels
(Mercer’s theorem, similarity H9)

66



Conclusions

* Define a (possibly high-dimensional) feature space of interest
* Spectrum, mismatch, substring kernels - 7t QUM O = ME T = kernels
* Physico-chemical kernels

* Pairwise, motif kernels

* Derive a kernel from a generative model
* Fisher kernel
* Mutual information kernel

* Marginalized kernel

* Derive a kernel from a similarity measure
* Local alignment kernel

* Global alignment kernel
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