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1. Introduction

- Background

- Importance of Uncertainty

- Intuition of Uncertainty

- Types of Uncertainties

2. Bayesian Neural Networks

- Frequentist way & Bayesian way

- Dropout as Bayesian Approximation

- Bayesian Neural Networks for Computer Vision

3. Non-Bayesian Approaches

- Simple and Scalable Deep Ensembles

4. Applications

- Uncertainty-Aware Hierarchical Feedforward 

Attention Network

5. Conclusions

6. Appendix

- Posterior Approximation using variational inference
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https://news.joins.com/article/18159469


8

https://news.joins.com/article/22520461
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Sky

Load

Car

❖ Classification + Uncertainty estimation

with high uncertainty
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𝑃 𝑦 = 𝑙𝑜𝑎𝑑 = 0.5

𝑃 𝑦 = 𝑠𝑘𝑦 = 0.2

𝑃 𝑦 = 𝑐𝑎𝑟 = 0.3

Sky

Load

Car
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𝑃 𝑦 = 𝑙𝑜𝑎𝑑 = 0.5

𝑃 𝑦 = 𝑠𝑘𝑦 = 0.2

𝑃 𝑦 = 𝑐𝑎𝑟 = 0.3

𝑖𝑓 𝑎𝑟𝑔𝑚𝑎𝑥 𝑃( Ƹ𝑦) ≤ 0.6High Uncertainty, 

Sky

Load

Car



16

𝑃 𝑦 = 𝑙𝑜𝑎𝑑 = 0.8

𝑃 𝑦 = 𝑠𝑘𝑦 = 0.1

𝑃 𝑦 = 𝑐𝑎𝑟 = 0.1

𝑖𝑓 𝑎𝑟𝑔𝑚𝑎𝑥 𝑃( Ƹ𝑦) ≤ 0.6High Uncertainty, 

Sky

Load

Car
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Load

0.60.3 0.9

𝑉𝑎𝑟( ො𝑦)

0.5
0.6

0.8
0.8
0.7
0.4
0.30.6

0.3 0.30.3

𝑃 𝑦 = 𝑙𝑜𝑎𝑑 = 0.8
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Load

𝐸 𝑦 = 𝑠𝑘𝑦 = 0.6

𝑉𝑎𝑟( ො𝑦)

𝑉𝑎𝑟 𝑦 = 𝑠𝑘𝑦 = 0.3

0.60.3 0.9

𝑃 𝑦 = 𝑙𝑜𝑎𝑑 = [0.3,0.9]
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Ƹ𝑦𝑡𝑒𝑠𝑡

𝑥𝑡𝑒𝑠𝑡

𝑥𝑡𝑟𝑎𝑖𝑛, 𝑦𝑡𝑟𝑎𝑖𝑛

𝑥𝑡𝑒𝑠𝑡 1

Ƹ𝑦𝑡𝑒𝑠𝑡 1

Ƹ𝑦𝑡𝑒𝑠𝑡

𝐸( Ƹ𝑦𝑡𝑒𝑠𝑡) 𝑉𝑎𝑟( Ƹ𝑦𝑡𝑒𝑠𝑡)

http://mlg.eng.cam.ac.uk/yarin/blog_3d801aa532c1ce.html


20

𝑥𝑡𝑒𝑠𝑡

Ƹ𝑦𝑡𝑒𝑠𝑡

Ƹ𝑦𝑡𝑒𝑠𝑡

𝐸( Ƹ𝑦𝑡𝑒𝑠𝑡) 𝑉𝑎𝑟( Ƹ𝑦𝑡𝑒𝑠𝑡)

http://mlg.eng.cam.ac.uk/yarin/blog_3d801aa532c1ce.html
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Uncertainty

Bayesian approach Non-Bayesian approach
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𝑦 = 𝑋𝛽 + 𝜀 𝜀~𝑁(0, 𝜎2)
𝑦 = 𝑋𝛽 + 𝜀

𝜀~𝑁(0, 𝜎2)

𝛽~𝑁(0, 𝛼−1Ip)
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3

⋯

⋯

ෝ𝑦
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3

⋯

⋯

ෝ𝑦 ~𝑁(3895, 102)
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3

⋯

⋯

ෝ𝑦 ~𝑁(3895, 30002)
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3

𝑝(𝑊|𝑋, 𝑌) =
𝑝(𝑌|𝑋,𝑊)𝑝(𝑤)

𝑝(𝑌|𝑋)

𝑝(𝑌|𝑋) = න𝑝(𝑌|𝑋,𝑊)𝑝(𝑊)𝑑𝑤
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3

𝑞𝜃(𝑊)

𝑝(𝑊|𝑋, 𝑌) =
𝑝(𝑌|𝑋,𝑊)𝑝(𝑤)

𝑝(𝑌|𝑋)
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3

𝑞𝜃 𝑊 ∗ = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))
𝑞 ∈ 𝑄
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 −෍

𝑖=1

𝑁

න𝑞𝜃 𝑊 𝑙𝑛 𝑝 𝑦𝑖|𝑓
𝑤(𝑥𝑖) 𝑑𝑤 + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑲𝑳(𝒒𝜽(𝑾)||𝒑(𝑾|𝑿, 𝒀))

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝐸𝐿𝐵𝑂=

=

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 −
𝑁

𝑀
෍

𝑖∈𝑆

𝑙𝑛(𝑝(𝑦𝑖|𝑓
𝑔 𝜃,𝜖 (𝑥𝑖))) + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊=

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 −
𝟏

𝑴
෍

𝒊∈𝑺

𝒍𝒏(𝒑(𝒚𝒊|𝒇
𝒈 𝜽,ො𝝐 (𝒙𝒊)) + 𝝀𝟏 𝑴𝟏

𝟐 + 𝝀𝟐 𝑴𝟐
𝟐 + 𝝀𝟑 𝒃 𝟐= 𝒈 𝜽, ො𝝐 = 𝒘𝒍,𝒊
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𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3
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𝑝 1 − 𝑝



41

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

ො𝑦 = 𝑀1𝑥1 + 𝑤2𝑥2 + 𝑤3𝑥3 + 𝑤4𝑥4 + 𝑤5𝑥5

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

𝑥1
∗

𝑥2
∗

𝑥3
∗

𝑥4
∗

𝑥5
∗

ො𝑦∗

ො𝑦∗ = 𝑀1𝑥1
∗ + 𝑤2𝑥2

∗ +𝑤3𝑥3
∗ + 𝑤4𝑥4

∗ + 𝑤5𝑥5
∗
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𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

ො𝑦 = 𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3 +𝑀4𝑥4 +𝑀5𝑥5 ො𝑦∗ = 𝑝𝑀1𝑥1 + 𝑝𝑀2𝑥2 + 𝑝𝑀3𝑥3 + 𝑝𝑀4𝑥4 + 𝑝𝑀5𝑥5

𝑝𝑀1

𝑝𝑀2

𝑝𝑀3

𝑝𝑀4

𝑝𝑀5

𝒑

𝑝 1 − 𝑝

𝑥1
∗

𝑥2
∗

𝑥3
∗

𝑥4
∗

𝑥5
∗

ො𝑦∗

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5
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➢ 𝑻

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

ො𝑦1
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

𝑻
𝑥1
∗

𝑥2
∗

𝑥3
∗

𝑥4
∗

𝑥5
∗

ො𝑦1
∗

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

ො𝑦 = 𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3 +𝑀4𝑥4 +𝑀5𝑥5
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𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

𝑥1
∗

𝑥2
∗

𝑥3
∗

𝑥4
∗

𝑥5
∗

ො𝑦2
∗

ො𝑦2
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

𝑻

➢ 𝑻

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

ො𝑦 = 𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3 +𝑀4𝑥4 +𝑀5𝑥5
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𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

𝑥1
∗

𝑥2
∗

𝑥3
∗

𝑥4
∗

𝑥5
∗

ො𝑦𝑇
∗

ො𝑦𝑇
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

𝑻

➢ 𝑻

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

ො𝑦 = 𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3 +𝑀4𝑥4 +𝑀5𝑥5
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ො𝑦1
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

ො𝑦2
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

ො𝑦𝑇
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

⋮

➢ 𝑻

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

ො𝑦

𝑀1

𝑀2

𝑀3

𝑀4

𝑀5

ො𝑦 = 𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3 +𝑀4𝑥4 +𝑀5𝑥5

𝑧𝑖
(𝑙+1) = 𝑀𝑖

(𝑙+1)
෤𝑜(𝑙) + 𝑏𝑖

(𝑙+1)

𝑦𝑖
(𝑙+1) = 𝑓 𝑧𝑖

𝑙+1

𝜖𝑗
(𝑙)~𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑝

෤𝑜(𝑙) = 𝜖(𝑙) ∗ 𝑜(𝑙)

𝑤𝑖
(𝑙+1)
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𝐸 𝑦∗ ≈
1

𝑇
෍

𝑡=1

𝑇

෢𝑦𝑡
∗

𝑉𝑎𝑟 𝑦∗ ≈ 𝜏−1ID +
1

𝑇
෍

𝑡=1

𝑇

෢𝑦𝑡
∗T෢𝑦𝑡

∗ − 𝐸 𝑦∗ 𝑇𝐸 𝑦∗

𝜏 =
𝑝𝑙2

2𝑁𝜆 𝑝:

ො𝑦1
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

ො𝑦2
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

ො𝑦𝑇
∗ = 𝑀1𝑥1

∗ +𝑀2𝑥2
∗ +𝑀3𝑥3

∗ +𝑀4𝑥4
∗ +𝑀5𝑥5

∗

⋮

𝑻

➢ 𝑻
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 −
𝟏

𝑴
෍

𝒊∈𝑺

𝒍𝒏(𝒑(𝒚𝒊|𝒇
𝒈 𝜽,ො𝝐 (𝒙𝒊)) + 𝝀𝟏 𝑴𝟏 𝟐

𝟐 + 𝝀𝟐 𝑴𝟐 𝟐
𝟐 + 𝝀𝟑 𝒃 𝟐

𝟐

𝑔 𝜃, Ƹ𝜖 = 𝑤𝑙,𝑖

𝑧𝑖
(𝑙+1) = 𝑀𝑖

(𝑙+1)
෤𝑜(𝑙) + 𝑏𝑖

(𝑙+1)

𝑦𝑖
(𝑙+1) = 𝑓 𝑧𝑖

𝑙+1

𝜖𝑗
(𝑙)~𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑝

෤𝑜(𝑙) = 𝜖(𝑙) ∗ 𝑜(𝑙)

𝑤𝑖
(𝑙+1)

𝑥1

𝑥2

𝑥3

ො𝑦

𝑀1 𝑀2 𝑀3
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51

−
1

𝑁
σ𝑖=1
𝑁 −
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𝑓 ෡𝑊 𝑥 = [ ො𝑦]
ො𝑦 ෡𝑊(𝑥)
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𝑓෢𝑊𝑡 𝑥 = [ ෝ𝑦𝑡, ෝ𝜎𝑡
2]

෢𝑊𝑡~𝑞
∗(𝑊)

ෝ𝑦𝑡 ෡𝑊(𝑥)

ෝ𝜎𝑡
2
෡𝑊(𝑥)

𝑉𝑎𝑟 𝑦∗ ≈
1

𝑇
෍

𝑡=1

𝑇

ො𝑦𝑡
2 − ෍

𝑡=1

𝑇

ො𝑦𝑡

2

+
1

𝑇
෍

𝑡=1

𝑇

ො𝜎𝑡
2

𝐸 𝑦∗ ≈
1

𝑇
෍

𝑡=1

𝑇

ො𝑦𝑡

𝑇
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𝐿𝐵𝑁𝑁 𝜃 =
1

𝑁
෍

𝑖=1

𝑁
1

2𝜎 𝑥𝑖
2
𝑦𝑖 − 𝑓 𝑥𝑖

2 +
1

2
𝑙𝑜𝑔𝜎 𝑥𝑖

2

𝑓෢𝑊𝑡 𝑥 = [ ෝ𝑦𝑡, ෝ𝜎𝑡
2]

ෝ𝑦𝑡 ෡𝑊(𝑥)

ෝ𝜎𝑡
2
෡𝑊(𝑥)

෢𝑊𝑡~𝑞
∗(𝑊)
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𝐿𝐵𝑁𝑁 𝜃 =
1

𝑁
෍

𝑖=1

𝑁
1

2𝜎 𝑥𝑖
2
𝑦𝑖 − 𝑓 𝑥𝑖

2 +
1

2
𝑙𝑜𝑔𝜎 𝑥𝑖

2

𝑓෢𝑊𝑡 𝑥 = [ ෝ𝑦𝑡, ෝ𝜎𝑡
2]

ෝ𝑦𝑡 ෡𝑊(𝑥)

ෝ𝜎𝑡
2
෡𝑊(𝑥)

෢𝑊𝑡~𝑞
∗(𝑊)
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𝑓෢𝑊𝑡 𝑥 = [ ෝ𝑦𝑡, ෝ𝜎𝑡
2]

ෝ𝑦𝑡 ෡𝑊(𝑥)

ෝ𝜎𝑡
2
෡𝑊(𝑥)

𝐿𝐵𝑁𝑁 𝜃 =
1

𝑁
෍

𝑖=1

𝑁
1

2𝜎 𝑥𝑖
2
𝑦𝑖 − 𝑓 𝑥𝑖

2 +
1

2
𝑙𝑜𝑔𝜎 𝑥𝑖

2

෢𝑊𝑡~𝑞
∗(𝑊)
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http://make3d.cs.cornell.edu/data.html
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https://cs.nyu.edu/~silberman/datasets/nyu_depth_v2.html
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http://mi.eng.cam.ac.uk/research/projects/VideoRec/CamVid/
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Uncertainty

Bayesian approach Non-Bayesian approach



Uncertainty

Bayesian approach Non-Bayesian approach

Epistemic Epistemic
&

Aleatoric

Aleatoric
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ො𝑦

ො𝑦1

ො𝑦2

ො𝑦𝑀

ො𝑦
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𝑓𝜃(𝑥) = [ 𝜇𝜃(𝑥), 𝜎𝜃 𝑥 ]

𝜇𝜃(𝑥)

𝜎𝜃
2 𝑥

𝜇𝜃2(𝑥)

𝜎𝜃2
2 𝑥

𝜇𝜃𝑀(𝑥)

𝜎𝜃𝑀
2 𝑥

𝜇𝜃1(𝑥)

𝜎𝜃1
2 𝑥

𝜇𝜃(𝑥)

𝜎𝜃
2 𝑥



78

𝜇𝜃2(𝑥)

𝜎𝜃2
2 𝑥

𝜇𝜃𝑀(𝑥)

𝜎𝜃𝑀
2 𝑥

𝜇𝜃1(𝑥)

𝜎𝜃1
2 𝑥

𝜇𝜃(𝑥)

𝜎𝜃
2 𝑥

𝜇𝜃 𝑥 =
1

𝑀
෍

𝑚=1

𝑀

𝜇𝜃𝑚(𝑥)

𝜎𝜃
2 𝑥 =

1

𝑀
෍

𝑚=1

𝑀

(𝜎𝜃𝑚
2 𝑥 + 𝜇𝜃𝑚

2 (𝑥)) − 𝜇𝜃
2 𝑥

𝑀
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𝐿𝐸𝑛𝑠𝑒𝑚𝑏𝑙𝑒 𝜃 =
1

𝐶
෍

𝑐=1

𝐶

𝛿𝑐=𝑦 − 𝑝𝜃 𝑦 = 𝑐 𝑥
2

𝐿𝐸𝑛𝑠𝑒𝑚𝑏𝑙𝑒 𝜃 =
𝑦 − 𝜇𝜃 𝑥

2

2𝜎𝜃
2(𝑥)

+
𝑙𝑜𝑔𝜎𝜃

2(𝑥)

2
+ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

➢ 𝜎𝜃
2(𝑥)

𝑝𝜃 𝑦 = 𝑐 𝑥
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𝑥𝑎𝑢𝑡𝑚𝑒𝑛𝑡𝑒𝑑 = 𝑥 + 𝜖𝑠𝑖𝑔𝑛(∇𝑥𝑙 𝜃, 𝑥, 𝑦 )

𝑥𝑎𝑢𝑡𝑚𝑒𝑛𝑡𝑒𝑑𝑥 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛
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Uncertainty



85

➢ http://dmqa.korea.ac.kr/activity/seminar/252

➢ https://www.slideshare.net/rsilveira79/uncertainty-in-deep-learning

➢ https://alexgkendall.com/computer_vision/bayesian_deep_learning_for_safe_ai/

➢ https://getpocket.com/redirect?url=http%3A%2F%2Fmlg.eng.cam.ac.uk%2Fyarin%2Fblog_3d8

01aa532c1ce.html

➢ https://towardsdatascience.com/building-a-bayesian-deep-learning-classifier-ece1845bc09

➢ http://dmqa.korea.ac.kr/activity/seminar/253

➢ https://www.slideshare.net/DonghyeonKim7/2018-133403439

http://dmqa.korea.ac.kr/activity/seminar/252
https://www.slideshare.net/rsilveira79/uncertainty-in-deep-learning
https://alexgkendall.com/computer_vision/bayesian_deep_learning_for_safe_ai/
https://getpocket.com/redirect?url=http%3A%2F%2Fmlg.eng.cam.ac.uk%2Fyarin%2Fblog_3d801aa532c1ce.html
https://towardsdatascience.com/building-a-bayesian-deep-learning-classifier-ece1845bc09
http://dmqa.korea.ac.kr/activity/seminar/253
https://www.slideshare.net/DonghyeonKim7/2018-133403439


Thank you
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𝑝(𝑦∗|𝑥∗, 𝑋, 𝑌) = න𝑝(𝑦∗|𝑓∗)𝑝(𝑓∗|𝑥∗,𝑊)𝑝(𝑊|𝑋, 𝑌)𝑑𝑓 ∗ 𝑑𝑤

= න𝑝(𝑦∗|𝑥∗,𝑊)𝑝(𝑊|𝑋, 𝑌)𝑑𝑤

𝑝(𝑊|𝑋, 𝑌) =
𝑝(𝑌|𝑋,𝑊)𝑝(𝑤)

𝑝(𝑌|𝑋) 𝑝(𝑌|𝑋) = න𝑝(𝑌|𝑋,𝑊)𝑝(𝑊)𝑑𝑤



89

𝑝(𝑊|𝑋, 𝑌) =
𝑝(𝑌|𝑋,𝑊)𝑝(𝑤)

𝑝(𝑌|𝑋)
𝑞𝜃(𝑊) ≈ 𝑝(𝑊|𝑋, 𝑌)𝑊1,𝑊1, 𝑊1, ⋯ ,𝑊1~𝑝(𝑊|𝑋, 𝑌)

http://dmqa.korea.ac.kr/activity/seminar/253
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𝑞𝜃(𝑊)

(𝑞𝜃(𝑊)&𝑝(𝑊|𝑋, 𝑌))
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𝑞𝜃(𝑊)

𝑞𝜃 𝑊 𝑝(𝑊|𝑋, 𝑌)
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𝑞𝜃(𝑊)

𝑞∗

𝑞𝜃 𝑊 ∗ = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))
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𝑞𝜃(𝑊)

𝑞∗

𝑞𝜃 𝑊 ∗ = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))
𝑞 ∈ 𝑄
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𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌)) = න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊

𝑝(𝑊|𝑋, 𝑌)
𝑑𝑤

𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌)) = න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊 𝑝(𝑋, 𝑌)

𝑝 𝑋, 𝑌 𝑊 𝑝(𝑊)
𝑑𝑤

𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 𝑋, 𝑌 = න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊

𝑝 𝑊
𝑑𝑤 +න𝑞𝜃 𝑊 𝑙𝑛( 𝑝 𝑋, 𝑌 )𝑑𝑤 −න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

𝑞𝜃(𝑊)

𝑝(𝑊|𝑋, 𝑌) =
𝑝 𝑋, 𝑌 𝑊 𝑝(𝑊)

𝑝(𝑋, 𝑌)

𝑞𝜃 𝑊 ∗ = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))
𝑞 ∈ 𝑄
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𝑞𝜃(𝑊)

𝑞𝜃 𝑊 ∗ = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))
𝑞 ∈ 𝑄

𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌)) = න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊

𝑝 𝑊
𝑑𝑤 +න𝑞𝜃 𝑊 𝑙𝑛( 𝑝 𝑋, 𝑌 )𝑑𝑤 −න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

ln 𝑝 𝑋, 𝑌 = 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 𝑋, 𝑌 − 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 +න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

(𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 𝑋, 𝑌 ≥ 0)ln 𝑝 𝑋, 𝑌 ≥ −𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 +න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

ln 𝑝 𝑌|𝑋 ≥ −𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 +න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑌|𝑋,W )𝑑𝑤
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ln 𝑝 𝑋, 𝑌 = 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 𝑋, 𝑌 − 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 +න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))

𝐸𝐿𝐵𝑂

𝑙𝑛 𝑝 𝑋, 𝑌 : constant

𝑞𝜃(𝑊)
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ln 𝑝 𝑋, 𝑌 = 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 𝑋, 𝑌 − 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊 +න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌))

𝐸𝐿𝐵𝑂 𝑙𝑛 𝑝 𝑋, 𝑌 : constant

𝑞𝜃(𝑊)
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𝐾𝐿(𝑞𝜃(𝑊)||𝑝(𝑊|𝑋, 𝑌)) = න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊

𝑝 𝑊
𝑑𝑤 + න𝑞𝜃 𝑊 𝑙𝑛( 𝑝 𝑋, 𝑌 )𝑑𝑤 −න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

∝ න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊

𝑝 𝑊
𝑑𝑤 −න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤

= −න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑋, 𝑌|W )𝑑𝑤 +න𝑞𝜃 𝑊 𝑙𝑛
𝑞𝜃 𝑊

𝑝 𝑊
𝑑𝑤

= −෍

𝑖=1

𝑁

න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑦𝑖|𝑓
𝑤(𝑥𝑖) )𝑑𝑤 + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 −෍

𝑖=1

𝑁

න𝑞𝜃 𝑊 𝑙𝑛 𝑝 𝑦𝑖|𝑓
𝑤(𝑥𝑖) 𝑑𝑤 + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊

= −
𝑁

𝑀
෍

𝑖∈𝑆

න𝑞𝜃 𝑊 𝑙𝑛 (𝑝 𝑦𝑖|𝑓
𝑤(𝑥𝑖) )𝑑𝑤 + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊

= −
𝑁

𝑀
෍

𝑖∈𝑆

න𝑝(𝜖)𝑙𝑛(𝑝(𝑦𝑖|𝑓
𝑔 𝜃,𝜖 (𝑥𝑖)))𝑑𝜖 + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊

= −
𝑁

𝑀
෍

𝑖∈𝑆

𝑙𝑛(𝑝(𝑦𝑖|𝑓
𝑔 𝜃,𝜖 (𝑥𝑖))) + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊
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෠𝐿𝑀𝐶 𝜃 = −
𝑁

𝑀
෍

𝑖∈𝑆

𝑙𝑛(𝑝(𝑦𝑖|𝑓
𝑔 𝜃,𝜖 (𝑥𝑖))) + 𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊

෠𝐿𝑑𝑟𝑜𝑝𝑜𝑢𝑡 𝜃 = −
1

𝑀
෍

𝑖∈𝑆

ln(𝑝(𝑦𝑖|𝑓
𝑔 𝜃,ො𝜖 (𝑥𝑖)) + 𝜆1 𝑀1

2 + 𝜆2 𝑀2
2 + 𝜆3 𝑏 2

𝜕

𝜕𝜃
𝜆1 𝑀1

2 + 𝜆2 𝑀2
2 + 𝜆3 𝑏 2 =

𝜕

𝜕𝜃
𝐾𝐿(𝑞𝜃(𝑊)| 𝑝 𝑊

𝜕

𝜕𝜃
෠𝐿𝑑𝑟𝑜𝑝𝑜𝑢𝑡 𝜃 =

1

𝑁

𝜕

𝜕𝜃
෠𝐿𝑀𝐶 𝜃 𝐿2 𝜆,
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